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Abstract 
In this paper, a generalized plane strain model is developed for orthotropic composite lamina including transverse crack which 
satisfies the stress field continuity. An attempt is also made to obtain the cracked unit cell strain energy. It is applied to predict 
the lamina properties having a uniform distribution of ply cracks. The results can be used in the FEM damage analyses of 
laminated composites to predict constitutive response of them. It is shown that, the predicted stress/strain behaviors, and the 
damage initiation are in good agreement with the available experimental results for various cross ply laminates. 
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1. Introduction  
Today, degradation models of composite materials exist on different scales, from the fiber scale to the structure 
scale, including what is known as the ‘‘meso’’ scale of the elementary layer using various theoretical tools such as 
fracture and damage mechanics. Micromechanics-based models usually address specific mechanisms (primarily 
transverse cracking [1,2]) under particular loading conditions. The advantage of these models is that they have a 
strong physical meaning, but they hardly lend themselves to analysis of real structures. They are mainly limited to 
analysis of cross-ply laminates under uniaxial tensile loading condition and couldn’t be used to predict the final 
failure load of components. In another recently developed approach [3,4] in the mesoscale, the main assumption is 
that the behaviour of any stratified structure can be described through two families of basic damage constituents. 
The behaviour of each mesoconstituent is assumed to be intrinsic. This approach needs specific tests for various lay-
ups to obtain the non-associated flow rule parameters in damaged condition. 
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By comparison, comparatively little attention has been devoted to developing stiffness reduction due to 
transverse crack in an orthotropic composite lamina. In order to study the stiffness reduction due to transverse crack 
in an orthotropic composite lamina in the present of multidirectional shear and normal stress, the micromechanical 
models couldn’t be used. In the present study, a new micromechanic approach is developed to overcome some of the 
above mentioned limitations. This method is also used to predict the ply crack formation in mesomechanic based 
continuum damage mechanics method. For this purpose, a generalized plane strain model is developed for 
orthotropic composite lamina including transverse crack which satisfies the stress field continuity. An attempt is also 
made to obtain the unit cell energy related to the transverse crack. It is applied to predict composite laminates 
properties having a uniform distribution of ply cracks in any orientation. By introducing these relations for an 
orthotropic composite lamina, the transverse crack initiation and stress/strain behavior of various cross ply laminates 
are also analyzed.  
2. Geometry and basic field equations 
In this research the tri-axial deformation of orthotropic composite lamina is considered. Due to the symmetry 
about the mid-plane of the lamina, half of the lamina is only considered as shown in Fig. 1. A global coordinates is 
chosen having the origin at the center of the lamina as shown in this figure. The x-direction defines the longitudinal 
or axial direction, the y-direction defines the in-plane transverse direction and the z-direction defines the through-
thickness direction. 
 
 
 Unit cell with matrix cracking Virgin unit cell 
Fig.1. A typical uniform transverse crack in an orthotropic lamina 
The mid-plane of the lamina is specified by z=0 and the external surface by z=h where 2h is the total thickness of 
the lamina. It is assumed that the ply cracks are uniformly distributed along the transverse direction surfaces with 2L 
distance from each other (on the planes y=±L). The representative volume element of the lamina to be considered is 
specified by ʜyʜ <L, ʜxʜ <W and ʜzʜ <h. The displacement field of the lamina is assumed to be in the generalized 
plane-strain condition such that: 
(1) ),(;),(;),( zywwzyvvxzyfu cT ==+= ε  
Where cTε  is a uniform transverse strain for the cracked lamina that its value can be determined using the 
effective transverse stress which is applied to the lamina and usually is a specified value.  
2.1. Stress and displacement fields for a cracked lamina 
The basic assumption of the analysis for cracked lamina is that, the stress components of σyy and σyx are 
independent of z and they have linear form in the x-direction (fiber direction), for 0 ≤ z ≤ h, as follow:  
(2) ))(1(;))(1( 00 yy yxyxyyyy ψσσφσσ +=+=  
Where )(yφ  and )(yψ , are functions to be determined, and are identically zero for the case of undamaged lamina. 
The derivatives of these functions are denoted by primes. σyy0 and σyx0 are the resulted uniform axial and shear 
stresses of the undamaged lamina subjected to the same applied effective stresses. Using the equilibrium equations 
with equations (2) leads to; 
(3) 2/)(;)(;)( 20000 zyzyzy yyzzzzyyyzyxxz φσσσφσσψσσ ′′−=′=′−=  
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Combining these equations with the constitutive laws and strain-displacement relations, the displacement field is 
defined as follows: 
(4) ),(...)),(),(),((),( 01 zyuyyyfzyu +′= φψφ  
(5) ),(...)),(),(),((),( 02 zyvyyyfzyv +′= φψφ  
 (6) ),(...)),(),(),((),( 03 zywyyyfzyw +′= φψφ  
Where, u0(y,z), v0(y,z) and w0(y,z) are initial displacements for undamaged condition. Having the above stress and 
displacement equations for the damaged lamina, and combining with the constitutive equations, the following 
homogeneous simultaneous differential equations are obtained:   
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The coefficients of Fi, Gi, Hi, Si and Ki are material dependent constants. These differential equations can be 
solved by imposing appropriate boundary conditions using the standard techniques to define the final )(yφ  and 
)(yψ functions. The boundary conditions at cracked surfaces of lamina on y=±L are (stress free condition):  
(8) 0),(;0),(;0),( =±=±=± zLzLzL yzyxyy σσσ  
Having the above displacements and )(yφ  and )(yψ functions, the strains of the cracked lamina and the Young 
and shear modulus of the lamina with cracks can be obtained. Then, the concept of continuum damage mechanics is 
used and two damage parameters of d2 and d ΄ which are the indications of transverse cracking are calculated. These 
damage parameters are applied to change the Young modulus of Ey to Ey(1-d2) and shear modulus of Gxy to Gxy(1- 
d΄) in compliance matrix. Increasing of the damage parameters means that the crack density is increased. By 
progressing of the crack density, the compliance matrix changes and affects the response of laminate. 
3. Results and discussions 
When the initial stresses and crack density on the lamina are known, the perturbation stresses can be defined. In 
this section the stress distribution for a single layer unit cell is obtained. The lamina’s material is carbon/epoxy with 
the properties listed in Table 1 and its geometry is similar to that shown in Fig. 1. The lamina thickness is 0.127 
mm. The initial stresses and crack density are: σyy=160MPa, σyx=100MPa, σzz=40MPa, εTc=0 and crack 
density=1.66(1/mm).
 
The obtained stress distribution for cracked lamina is given in Fig 2 where y=0 is at the mid-
plane between two neighbouring ply cracks that are separated by a distance of 0.6 mm. This figure shows that the 
values of σyy, σyz and σyx stresses have zero values at the cracked surfaces (stress free condition) and they have the 
uniform values of equal to the applied stresses at the areas which are far from the cracked surface affects. The 
obtained results using ANSYS FE code have been shown in the same figures. The pick values of σzz and σyz in this 
figure which have been predicted by the current investigation are reasonable and they are due to the existence of 
transverse crack and may cause delamination which will be considered in the future works. The differences between 
the stresses obtained from the exact solution of the present work with those obtained from FEM near the stress free 
surfaces are due to the considered stress free surfaces as boundary conditions and assuming the uniform stresses 
along the laminate thickness in the analytical solution which are both different from the conditions in FEM analysis. 
The unit cell strain energy related to the transverse crack density are also calculated to predict the composite 
laminate properties having a uniform distribution of ply cracks in 90 degree orientation. For this purpose, our 
developed nonlinear finite element code is used. In this code, 8 nodes layer-wise elements with 9 D.O.F. in each 
node are used. To predict the ply crack formation, the energy-based generalized rational framework is used. The 
resulting stress/strain behaviors for two cross-ply laminates with different material are shown in Figs 3(a) and 3(b). 
Fig. 3(a) shows the predicted and experimental results for two [0/90]s and [0/902]s Graphite-Epoxy laminates with 
0.26 mm ply thickness and fracture energy of 2 γ =165 J/m2 [5] up to the 80% of the failure stresses. This figure 
shows a good agreement between the predicted and experimental results for both initiation and propagation of the 
transverse cracks. The crack initiation point in this figure may be interpreted as the position of changing the slope of 
the curve. Fig. 3(b) shows the obtained stress/strain behaviors for [0/90]s and [0/902]s carbon-epoxy laminates with 
0.127 mm ply thickness and fracture energy of 2 γ =400 J/m2 [6]. It is worth to mention that, these predictions were 
made using basic information about the fracture toughness of the matrix material which assumed to be equal to the 
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measured mode-I fracture toughness. As far as, the differences between EL and ET for Carbon/Epoxy is larger than 
the same ratio for Graphite/Epoxy, the obtained changes in the slopes of the stress/strain behavior (Fig 3(b)) after 
the transverse crack initiation are smaller than those shown in Fig 3.  
Table 1. The used material property [5, 6] 
Carbon/Epoxy 55.0,31.0,785.4,58.9,144 ===== TTLTLTTL GPaGGPaEGPaE υυ  
Graphite/Epoxy  4.0,278.0,83.5,2.16,6.45 ===== TTLTLTTL GPaGGPaEGPaE υυ  
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Fig 2 . Stress distributions in lamina by present study and ANSYS FE code, (a) σyy and σyx   , (b) σzz and σyz  
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Fig 3. Axial stress versus axial strain behavior predicted by present study (a) GRP cross-ply laminates, (b) Carbon Epoxy cross-ply laminates 
4. Conclusion 
In this study a generalized plane strain model was developed for orthotropic composite lamina including transverse 
cracks. The stress distribution and strain energy of cracked lamina related to the crack density was obtained. Using 
the proposed plane strain model and the developed nonlinear finite element code simultaneously, the occurrence of 
transverse cracks in cross-ply laminates was also predicted. It was shown that, the predicted stress/strain behaviors, 
and the damage initiation are in good agreement with the experimental results.   
References 
1. McCartney L. N., Model to predict effects of triaxial loading on ply cracking in general symmetric laminates, Composite Science 
Technology 2000; 60:2255–79. 
2. Zhang, H., Minnetyan, L., Variational analysis of transverse cracking and local delamination in [θ m/90n]s laminates , Int. Journal of 
Solids and Structures, 2006;43: 7061–7081. 
3. Ladeveze, P., Lubineau, G., An enhanced mesomodel for laminates based on micromechanics, Composites Science and Technology, 2002, 
62: 533–541. 
4. Ladeveze, P., Dantec, EL., Damage modeling of the elementary ply for laminated composites. Composite Science and Technology, 
1992;43(3):257–67. 
5. McCartney, L.N., Prediction of ply crack formation and failure in laminates, Composites Science and Technology, 2002, 62: 1619–1631. 
6. Caiazzo, A.A., Costanzo, F., Modeling the constitutive behaviour of layered composites with evolving cracks, Int. J. Solids and Structures, 
2001, 38: 3469-3485. 
112 H. Hosseini-Toudeshky et al. / Procedia Engineering 1 (2009) 109–112
